INTRODUCTION TO
PARTIAL DIFFERENTIAL EQUATIONS
— EXERCISES FOR WEEK 4 —

For this week, I do not have many exercises to propose you. If you want more, Evans
book as a very interesting section of problems: by now, you should be able to solve all
of them. Go to page 84 of [1].

Exercise 0.1. Show the following statement: Let U C R™ be open, bounded and
connected, T > 0, and u € CFY(Uzr;R) N C°(Ur;R) such that (0; — A)u =0 in Up. If
there exists (z,t) € Ur such that u(x,t) = maxg,, u, then u is constant on Uj.

[This exercise turned out to be more difficult than I expected: It is proven by Evans
using the mean value formula for the heat equation.|

Exercise 0.2. Prove the strong minimum principle for the heat operator.

Exercise 0.3. Prove the strong maximum principle for the heat operator using the
mean-value property; see [1].

Exercise 0.4. State and prove the strong minimum principle for the unbounded
Cauchy problem.

Exercise 0.5. Find a counterexample to the uniqueness for the unbounded Cauchy
problem
Hint: See [2, chapter 7].

Exercise 0.6. Fix Evans proof of smoothness. See nttps://nath.stackexchange.con/questions/

5044460/smoothness-of-heat-equation-in-evans-partial-differential-equations-again for details.
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